Abstract. In this paper, we improve and generalize the operator versions of Kantorovich and Wielandt inequalities for positive linear maps on Hilbert space. Our results are more extensive and precise than many previous results due to Fu and He [Linear Multilinear Algebra,
Introduction
Throughout this paper, we reserve M, m for real numbers and I for the identity operator. Other capital letters denote general elements of the C * -algebra B(H) all bounded linear operators on a complex separable Hilbert space ( ·, · , H). · denote the operator norm. An operator A is said to be positive (strictly positive) if Ax, x ≥ 0 for all x ∈ H ( Ax, x > 0 for all x ∈ H\{0}) and write A ≥ 0 (A > 0). A ≥ B (A > B) means A − B ≥ 0 (A − B > 0). The absolute value of A is denoted by |A|, that is, |A| = (A * A) In 1948, Kantorovich [11] introduced the well-known Kantorovich inequality. In 1990, an operator Kantorovich inequality was established by Marshall and Olkin [16] . For recent development of the Kantorovich inequality, readers are referred to [17] . Recently, Lin [15] proved that the operator Kantorovich inequality is order preserving under squaring. This result was further generalized by several authors (see [6, 19] ), who obtained
When p ≥ 4, the inequality (1.2) is tighter than (1.1). There exsits a vacancy for 2 ≤ p ≤ 4. Motivated by this vacancy, we obtain some better results.
In view of 2-positive linear map Φ, Lin [15] proved that
and
Fu [7] generalized the inequalities (1.3) and (1.4) to p-th power. When considering the operator inequalities, we can not go without mentioning the operator means. The axiomatic theory for operator means for pairs of positive operators have been developed by Kubo and Ando [12] . A binary operation σ defined on the set of strictly positive operators is called an operator mean provided that (i) monotonity:
(iii) upper continuity: A n ↓ A and B n ↓ B imply A n σB n ↓ AσB, where A n ↓ A means that A 1 ≥ A 2 ≥ · · · and A n → A as n → ∞ in the strong operator topology;
(iv) normalization condition: IσI = I. As a matter of convenience, we use the following notations to define the weighted arithmetic, geometric and harmonic means for operators:
, we write A∇B, A#B and A!B for brevity, respectively. The Young operator inequality proved in [5] says that if A, B > 0 and v ∈ [0, 1], then
In terms of operator means, Hoa [9] obtained the following theorem: 
where
is the Kantorovich constant.
If we replace the exponent 2 with p (0 < p < 2), (1.5)-(1.8) are still true. In this paper, we will study the case of p > 2 via parameter α.
Kantorovich-type inequalities
Firstly, we are devoted to obtain a better bound than (1.1) and (1.2). In order to do that, we need two important lemmas. 
We know that A ≤ 1 is equivalent to A * A ≤ I. Using this fact we have the following excellent theorem:
Proof. The desired inequality is equivalent to
The last inequality above holds as follows:
5) The well-known inequality (see [2, p. 53 
for every positive unital linear map Φ and T > 0. Then it follows from (2.5) that
So the inequality (2.3) has been obtained. Our argument depends essentially on a result of Hardy, Little-wood and Pólya (see [10] 
We next present the generalizations of (1.3) and (1.4). The following lemma is useful in our derivative of Theorem 2.6. Lemma 2.5. For any bounded operator X, 
Proof. By (2.6) and Lemma 2.5, we deduce
Summing up these two operator matrices, we have
By Lemma 2.5 again, we obtain (2.7). 
Remark 2.9. When p ≥ 2, the inequalities (2.9) and (2.10) is tighter than that of Fu [7, Theorem 4] , respectively.
Using the similar idea of Zhang [19] , we deduce the following theorem about operator means. Firstly, we point out that there is a gap in the proof of Theorem 2.6 (see [19] ). Author get the last inequality
see [14, (4.7) ]. However, by the inequality above, we can not get
Actually, using the inequality
see [14] , we can obtain (2.11) directly. 14) and
15)
Proof. It follows from the inequality (1.5) that
As we know, the relation (2.12) is equivalent to
Combing Lemma 2.1, Lemma 2.2 with (2.16), we get
The last inequality follows from (2.4) and 0 < m ≤ AσB ≤ M that
The inequality (2.12) is completed. Similarly, (2.13)-(2.15) can be derived from the inequalities (1.6)-(1.8), respectively.
Wielandt-type inequalities
In 2000, Bhatia and Davis [3] proved an operator Wielandt inequality which states that if 0 < m ≤ A ≤ M and X, Y are two partial isometries on H whose final spaces are orthogonal to each other, then for every 2-positive linear map Φ on B(H),
Lin [15, Conjecture 3.4] conjecture that the following assertion could be true:
Recently, Fu and He [6] attempt to solve the conjecture and get a step closer to the conjecture. But Gumus [8] obtain a better upper bound to approximate the right side of (3.1) based on 
Proof. The inequality (4.1) is equivalent to
The well-known Choi inequality (see [2, p. 41] ) says that
Indeed, we shall show a stronger inequality than (4.5), it is referred to Lin (see [15, (2. which show that the direct relations of arithmetic mean and harmonic mean.
Several reverse Young operator inequalities appeared in [13, 18] as follows: 
